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The time-convolutionless mode-coupling theory (TMCT) recently proposed for molecular
systems is employed to derive a TMCT equation for the collective-intermediate scattering
function in suspensions of hard-sphere colloids from the nonlinear Langevin equations
with the hydrodynamic interactions between colloids. The nonlinear memory function
contained in the TMCT equation consists of two types of interactions between colloids;
a mechanical interaction and a hydrodynamic interaction. It is predicted from the TMCT
equation how the hydrodynamic interactions can affect the ergodic to non-ergodic transi-
tion at a critical point. Then, such a hydrodynamic effect is tested by the experimental data
for suspensions of hard-sphere colloids with size polydispersities. Thus, it is emphasized
that the long-range hydrodynamic interactions are indispensable to explain the polydis-
persity dependence of the experimental critical points which is quite different from that of
simulations where only the mechanical interactions are taken into.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

A large number of fundamental works on suspensions of colloids have been performed experimentally [1-18] and
theoretically [ 19-43]. Understanding their dynamics is one of important problems in soft matter science not only from an
academic point of view as in fundamental colloidal physics but also from a practical point of view as in chemical engineering
and biology. In most cases, however, the important effect of hydrodynamic interactions between colloids on their dynamics
near the glass transition is not fully recognized yet.

In this paper, we apply the time-convolutionless mode-coupling theory (TMCT) [44-47] for suspension of hard-sphere
colloids and derive the TMCT equation for the collective-intermediate scattering function, where the nonlinear memory
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function contains two different terms resulted from mechanical interactions and hydrodynamic interactions. We then show
how the critical point (or Kkinetic glass transition point) is determined by two different interactions. In order to check
the important role of the hydrodynamic interactions, we discuss the critical volume fraction ¢.(o) for the suspension of
polydisperse colloids, where o is a size polydispersity. Then, the present theory predicts the following three cases for ¢.:

(i) ¢clo) = (o) < ¢™(0), for0 <o < oy,

(i) ¢c(0) = dn(o) = ¢™(0), foro = oy, (1)
(i) ¢c(0) = pn(0) > o™(0), foro > 0.

where oy is a constant to be determined. Here ¢>cm)(a) is a critical volume fraction obtained only from the mechanical
interactions and is found from all the simulations, while ¢(o) is a critical volume fraction obtained from the correlation
effect due to the long-range hydrodynamic interactions among colloids and is given by

Pn(0) = ¢n(0)(1 + 30?) (2)
with the hydrodynamic critical point at o = 0[20,21]
#n(0) = (4/3)°/(7In3 — 8In2 +2) ~ 0.571847 - - -, (3)

where in order to obtain Eq. (2), the Gaussian distribution was assumed for particle radius [1]. In case (i), the mechanical
interactions are enhanced by the hydrodynamic interactions, leading to ¢.(c) < ¢£’")(cr). In case (ii), both interactions
are equally important, leading to ¢.(c) = qﬁﬁ"”(a) = ¢y(o). In case (iii), the mechanical interactions are reduced by the
hydrodynamic interactions, leading to ¢.(c') > ¢>§m)(o). In cases (i) and (iii), the hydrodynamic correlation effects dominate
the system, leading to ¢.(c) = ¢n(o ). Here we note that only in case (ii) the simulation results can describe the experimental
data. Since the TMCT equation with the hydrodynamic memory function cannot be solved analytically nor numerically at
the present moment, we just demonstrate from a phenomenological point of view based on the theoretical prediction how
one can qualitatively explain the three cases consistently. In order to check the existence of those three cases, therefore,
we investigate not only the polydispersity dependence of the critical point obtained from the experiments for suspensions
of polydisperse hard-sphere colloids [4,5,7-11] but also that of the simulations [28-36]. Then, we show on a schematic
representation of the phase diagram in volume fraction-polydispersity plane that the polydispersity dependence of the
experimental critical point ¢.(o ) coincides with Eq. (2) within error and is quite different from that of the simulations given
by ¢>Em)(a). Thus, we emphasize that the hydrodynamic interactions are indispensable to explain the experimental results
for the suspensions of polydisperse hard-sphere colloids.

We begin in Section 2 by briefly explaining the theoretical background of TMCT. Then, we derive the TMCT equation
for colloidal suspensions, starting from the nonlinear Markov Langevin equations with the friction coefficient resulted from
the long-range hydrodynamic interactions between colloids. In Section 3, we investigate the nonlinear memory function in
TMCT equation, which contains two different correlation effects; one due to the mechanical interactions and the other due
to the hydrodynamic interactions. In Section 4, we discuss the ergodic to non-ergodic transition at a critical point and derive
a nonlinear equation to find a Debye-Waller factor. In Section 5, we propose an asymptotic form of the friction coefficient
to obtain three cases qualitatively. In Section 6, we investigate the critical volume fractions obtained from the experiments
and the simulations for the suspensions of polydisperse hard-sphere colloids. Thus, we show the phase diagram in volume
fraction-polydispersity plane and discuss how the hydrodynamic interactions are indispensable to explain such a phase
diagram qualitatively. We conclude in Section 7 with a summary.

2. TMCT for colloidal suspensions

In this section, we show how to apply the same TMCT formulation [44] as that employed in the molecular systems for
colloidal suspensions. We consider the three-dimensional system which contains N spherical colloids with mass m; and
radius a; of particle i suspended in an equilibrium fluid with a viscosity n in the total volume V at temperature T. Before we
go into the details, we briefly review the theoretical background.

2.1. Theoretical background of TMCT

In this subsection, we briefly summarize the macroscopic equations in the suspensions which are derived from first
principles by using a new formulation based on TMCT [44-47]. The outline of TMCT is as follows. As is shown in Fig. 1,
the basic equations discussed in the present paper can be classified into four stages, [N], [L], [K], and [H], depending on a
space-time scale. In a microscopic stage [N], the position X;(t) and the momentum P;(t) of jth particle at time t are described
by the Newton (or Heisenberg) equations. In a Langevin stage [L], a nonlinear Langevin equation for the momentum P;(t)
is derived from the Newton equations. In a kinetic stage [K], the relevant variables are given by the current densities and
the number densities. Linear non-Markov Langevin type equations for the current densities are derived from the Langevin
equation by using the Mori projection-operator method [48] (see a dashed arrow (M) in Fig. 1), where the memory terms are
convolution in time and are written in terms of correlation function of the fluctuating forces. Linear non-Markov stochastic
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Fig. 1. (Color online) Classification of the basic equations discussed in the present paper into four stages, [N], [L], [K], and [H], depending on a space-time
scale. Here ¢; and t; indicate the characteristic length and time, respectively.

diffusion equations for the number densities are also derived from the Langevin equation by employing the Tokuyama-Mori
projection-operator method [49,50] (see a dotted arrow (T) in Fig. 1), where the memory terms are convolutionless in time
and are written in terms of correlation function of the fluctuating current. Then, those coupled equations are used to obtain
closed nonlinear non-Markov second-order differential equations for the average number densities (see a bold arrow in
Fig. 1). This is a TMCT equation not only to describe the dynamics of supercooled liquids but also to find a critical point at
which an ergodic to non-ergodic transition occurs. In a hydrodynamic stage [H], the Markov equations for number densities
are derived (see a dot-dashed arrow in Fig. 1). As discussed in the previous papers [44-47], it is important to employ two types
of projection-operator methods to derive the basic equations for different relevant variables. In fact, it is indispensable to
use the time-convolutionless formalism for the number densities to recover the cumulant expansion proposed by Kubo [51].
Thus, TMCT enables us to calculate each cumulant-expansion term, such as a mean-square displacement and a non-Gaussian
parameter, consistently from first principles.

2.2. A Langevin equation in stage [L]

Let {X(t), P(t)} denote a set of variables, where X;(t) and P;(t) are the position vector and the momentum of the ith
colloidal particle, respectively. As shown in the previous papers [19-21], there are three kinds of interactions acting on a
colloidal particle i on a time scale of the Brownian relaxation time tg(= m;/{o;), where ¢y = 6w na;. The first is a random
force R;(t) which is exerted by the fluctuating fluid on a colloid i, leading to Brownian motion. The second is hydrodynamic
interactions between colloids i and j through the friction tensor ;. The last is mechanical interactions between colloids i
and j given by Fj(t), a force acting on the ith particle from the jth particle. Then, the colloidal particle is described by the
nonlinear Markov Langevin equation, which can be derived from the Newton equation as [20,21]

dP, Nog N
Z CJ Pj(t) + ) Fy(t) + Ri(t), (4)
=1 i

where R;(t) obeys a Gaussian, Markov process and satisfies the fluctuation-dissipation relation

(Ri(OR;(t"); x, p) = 2ksT&;(%)8(t — '), (5)

and the orthogonality condition (R;(t); %, p) = 0. Here the brackets (---; x, p) denote the conditional average over an
equilibrium ensemble given by (---; x,p) = (--- pr(O))/(Hx,,( )), where ITy,(t) is a generating function for {X(t), P(t)}
to have a set of variables {x, p} and is given by IT,(t) = 1_[1 1 8(X;(t) — x;)8(P;(t) — p;). The first term of Eq. (4) indicates the
friction force. Here the friction tensor ¢;(X(t)) depends on time only through X(t) and is given by

£i(®) = o [+ Gx) ] (6)

]
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where the tensor G;(x)(i # j) indicates the hydrodynamic interactions between colloids i and j, and G; = 0. Up to order
(ai/|x;1)*, the tensor G;; can be written in terms of the Oseen tensor G and the dipole tensor G as G;; = G{+G with[19-21]

3 q
O _ 1 A“A“
6 = Fjay (180
1ai(a} +af)
Gl = - 1 TN —3%:%;), -
= a0 ) (7)

where X; = x;;/|x;|, and x; = x; — ;. Here we note that the explicit time dependence of {o; caused by the back-flow effect as
along-time tail [52] is ignored for simplicity since it does not play any role in a diffusion process of interest. In the following,
we deal with only identical particles with mass m and radius a for simplicity. Then, the control parameter is given by A, such
as a volume fraction ¢(= 4 pa’/3) in spherical colloids, inverse temperature 1/T in Lennard-Jones colloids, etc., where
p(= N/V)is the number density.

Eq. (4) is a starting equation to derive stochastic equations in stages [K] and [H]. As discussed in the previous papers [44-
47], in the molecular systems one can easily derive such equations by employing the projection operator method [48-50].
This is because the position vector X;(t) and the momentum P;(t) are described by the Heisenberg equations with the
Liouville operator L. On the other hand, in the colloidal suspensions P;(t) obeys the Langevin equation (4). In order to directly
apply the same projection operator method as that used in the molecular systems to the colloidal systems, therefore, it is
convenient to start from a stochastic Fokker-Planck equation for IT,,(t) as discussed in the previous papers [53,54]. Let
Aq(X(t), P(t)) be an arbitrary function of {X(t), P(t)}. Then, one can write it as Ay(X(t), P(t)) = f dxf dpAy(x, p)ITyp(t). As
is shown in Appendix, therefore, the function A¢(x, p, t) can be described by a new equation

a
&Aq(xa D, t) = A(X, p)Aq(xa D, t) (8)

with the operator

N b9 5 N
A = = — 4+ — F
(%, p) ; o axi+8pi ; i
ey [anrt] g 2 ®
, mbP T opi] Y op;

This equation plays a role of the Heisenberg equation in the colloidal systems. In fact, Eq. (8) is formally solve to give
Aq(x, p, t) = exp[t A(x, p)IA4(x, p). Thus, it turns out that one can directly apply the same TMCT formulation as that discussed
in molecular systems to colloidal suspensions, except that the operator iL is now replaced by A. We next discuss this briefly.

2.3. An equation for f(q, t) in stage [K]

We first discuss the macroscopic equation in a stage [K]. In this paper, we focus only on the dynamics of collective-
intermediate scattering function given by

fa, t) = (p(q. X(t))r(q, X(0))")/S(q) (10)

with the colloid density fluctuation

N
1 iaX
p(q. X(t)) = W[E e"”‘f“)—qu,o], (11)
Jj=1

where S(q)(= {|p(q, X(0))[?)) is a static structure factor and q = |q|. Since the density fluctuation is a macroscopic quantity,
wesetqas0 < q < q., where g, is a wave number cutoff to be determined. As is shown in Eq. (A.8), one can then write

flg.t)as
f(a, t) = {p(q. x(t))p(q. x(0))*)/S(q), (12)

where p(q, X(t)) = exp[t A(x, p)]p(q, x). By simply writing p(q, x(t)) as p(q, t), the starting equation is now given by

ad

&p(q, t) = A(x,p)p(q, t). (13)
Similarly to the molecular systems, we also introduce the projection operator g by

(A(D)ol(g. 0))
Alt) = ——M——— ,0). 14
oA = g, 0pa, 07y P40 (14)
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By using the time-convolutionless projection-operator method (T) [49,50], one can then exactly transform Eq. (13) into a
time-convolutionless linear stochastic diffusion equation for p(q, t)

d .
5078 0) = —a’Del(g, )p(q. £) + ige(g. ) (15)
with the time- and g-dependent collective-diffusion coefficient
t
Dia.0)= [ wia.9us (16)
0
where the memory function ¥(q, t) is given by
¥(q, t) = (g(q, t)g(q, 0)")/(po(q, t)p(q, O)). (17)
Here g(q, t) is a fluctuating current given by
g(q,t) = e®[1 — Q{1 — e e ®"}17j(q, 0) (18)
with the current density fluctuation
N P
: _ N—1/2 o . T ,iqx;
ig.0)=N Zq e, (19)
j=1
where Q = 1 — p and § = gq/|q|. The fluctuating current g(q, t) satisfies the orthogonality condition given by

(g(q. t)p(q, 0)*) = 0. Here we have (|g(q. 0)]*) = vi(= ksT/m), ¥(q,0) = v3/S(q), and D (g, 0) = 0. Use of Egs. (12)
and (15) then leads to a time-convolutionless diffusion equation for f(q, t)

d

57/ 6) = —a°Dc(q, £)f (g, ©). (20)
This equation is easily solved to find a formal solution

f(q, t) = exp[—K(q, t)] (21)
with the cumulant function

t t
K.ty = [ Da.suts = [ (¢~ wta.sxs, (22)
0 0

where K(q, 0) = dK(q, t)/dt|;—o= 0.
2.4. An equation for vr(q, t) in stage [K]

We next derive the equation for ¥/(q, t) in a stage [K]. As discussed in Refs. [44,47], one can write a time derivative of Eq.
(18) as

9
5g(q, t)=QAg(q, t) —iqy(q, t)Qp(q, t) =~ Q Ag(q, t). (23)

In order to derive Eq. (23), we have used the fact that ¥ (q, t)p(q, t) ~ ¥(q, t)p(q, 0) since ¥(q, t) is a rapidly-varying
function in time, while p(q, t) is a slowly-varying function in time [44]. Because of the same reason, one can also write
Eq. (17) approximately as

¥(q,t) >~ (g(q, t)g(q, 0)*)/S(q). (24)

Here we note that although a precise formulation without this approximation has been recently done in Ref. [47], we can
safely use Eq. (24) in the following because we are interested only in the long-time dynamics near the critical point.
In order to derive a linear equation for ¥ (q, t) from Eq. (23), we also introduce the projection operator g’ by

, (A(t)g(q, 0)*)
OA(t) = ——=—"—"__9(q, 0). 2
PAL = o, 0(q, 0 5T 0 (23)

Similarly to the molecular systems, one can use the time-convolution projection-operator method [48] to derive a linear
Langevin type equation for g(q, t). Then, one can exactly transform Eq. (23) into

a t
= g(a.0) = iog(a. 0 - /O Ap(a, $)g(a, ¢ — s)ds +E(q, ) (26)

with the drift term
iw = ([Q Ag(q, 0)lg(q, 0)*)/vE, = —¢(q)/m, (27)



M. Tokuyama et al. / Physica A 512 (2018) 552-565 557

and the nonlinear memory term

Ap(q, t) = —([QAE(q, )lg(q, 0))/vj, = (£(q, )§(q, 0)) /vi,, (28)
where the friction coefficient ¢(q) is given by
1NN ‘
)= 0D Mgy aei). (29)

i=1 j=1

Here £(q, t) is the fluctuating force given by

£(q, t) = e¥°4Q'Q Ag(q, 0), (30)

and satisfies the orthogonality conditions (£(q, t)g(q, 0)*) = (£(q, t)o(q, 0)*) = 0, where Q" = 1 — . Use of Egs. (24) and
(26) then leads to

8 t
Svta =~y 0~ / Ap(q. S)(g. t — s)ds. (31)
0

m

This is a linear non-Markov equation for (g, t) whose memory function is convolution in time.
2.5. A second-order differential equation for K(q, t) in stage [K]

In order to find f(q, t), one has to solve the coupled equations given by Eqs. (20) and (31) consistently. However, one
can transform those equations into a single equation for K(q, t) [45]. In fact, this is easily done by introducing the Laplace
transform of K(q, t) by K|[q,z] = fooo e #K(q, t)dt. By taking the Laplace transform of Eq. (31) and using the relation
¥lq, z1 = z°K[q, z], we thus obtain the second-order differential equation for K(q, t)

2 2,2 t
PK(@.0) _ vl @)K, / plq. b — 5K

= - = ———ds. 32
ot? S(q) m at as s (32)

This equation has exactly the same form as that obtained in the molecular systems [45], except that the damping constant
is now replaced by ¢(q)/m. On a time scale of a structural relaxation time tp(= a®/Dy) much longer than t;, one can safely
neglect the second derivative term in Eq. (32) and finally obtain

9K(q, t) m ! 9K(q, s)
— D) - / Agla,t 50 g (33)
0

ot ¢ ¢(q)

where Di (q)(= Doo/S(q)¢(q)) is the g-dependent short-time collective diffusion coefficient resulted from the hydrodynamic
interactions, Do(= kgT /o) being a single particle diffusion constant. This is the TMCT equation to discuss the dynamics of
colloidal suspensions on a time scale of tp. Here we note that all the assumptions and formulations used here are the same
as those employed in TMCT in the molecular systems. Only the difference between the molecular systems and colloidal
suspensions appears in the nonlinear memory function Ag(q, t). We next discuss this.

2.6. A Markov equation for K(q, t) in stage [H]

On a time scale much longer than tp, Eq. (33) reduces to a Markov equation

0K(q,t) _ m /‘Oo 0K(q,t)
———= ~qD(q) — — Ap(q, s)d
ot q°D:(q) @ ) (g s)ds—
= ¢’Dc(q) (34)
with the wavevector-dependent long-time collective diffusion coefficient D:(q)
D3 (q)
Dg(q) = Dc(q, 00) = g . (35)
‘ ‘ 1+ S(@)D3(q) [~ dsAw(g, 5)/v},

Then, this leads to

K(q,t) = ¢°D(q)t. (36)

3. Nonlinear memory function

In colloidal suspensions, the fluctuating force £(q, t) consists of two types of interactions. One is a mechanical interaction
between particles i and j due to the force F;; and the other is a hydrodynamic interaction between i and j through the friction



558 M. Tokuyama et al. / Physica A 512 (2018) 552-565

force —¢&;;-p;/m.In order to take into account the nonlinear effects from both interactions, we now introduce a new projection
operator g, by

_ [ Ak, 0) (g — k. 0))
@ﬁ——g;[ 250050~ "% Op(@ — k. 0)
(AiCke, 0)p(q — k. 0)")

v;,S(1q — ki)
(Ae(k, 0)*p(q — k., 0)")

204,S(1q — k)

with the kinetic energy density fluctuation

-1/2 Z |:<A ) m:| ek (38)
where £,(1 — 2)A = 0 because of the orthogonality conditions

(i(k, 0)p(k, 0)*) = (e(k, 0)p(k, 0)*) = (j(k, 0)e(k, 0)*) = 0. (39)

The first term of Eq. (37) is the same nonlinear term as that discussed in the mode-coupling theory (MCT) [55]. The second and
third terms are new nonlinear terms, which are important to take into account the correlation effects due to the long-range
hydrodynamic interactions. By using g,, one can formally split the fluctuating force £(q, t) into two parts as

£(q, t) = eV 0,[Q'Q Aj(q)] + V21 Q[Q'Q Aj(q)], (40)

where Q; = 1— 5. Since the fluctuating force £(q, t) does not contain the random motion which has been already extracted
in Eq. (4) as the friction term, the second term of Eq. (40) contains the higher than third-order terms in p(k, t), which are of
order N~!. Hence one can neglect it safely in the thermodynamic limit N — oo and V — oo with p being kept constant. By
using Eq. (37), one can then write &£(q, t) as

£(q,t) = ‘Q’Q"so [Q'Q Aj(q)]
= N1/2 ) [l*ﬂv q. k)p(k, t)p(q — k. t)

j(k, 0)o(q — k. 0)

e(k,0)p(q — k, O):| (37)

|k|<qc
2
+ kUDO u(q, k)jik, t)p(q — k. t) + iw(q, k)i(k, t)p(q — k, t)} (41)
with the vertexes
v(q, k) = q-lec(k)+q - (q—l)c(lq — k), (42)
u(q, k) = q-[¢(9)1 — &g, k)] - I/ %o, (43)
w(q, k) = q -k, (44)
where A(k, t) = e’ Q4A(k, 0), and pc(k) = 1 — 1/S(k). Here &(q, k) is a friction tensor given by
N iq-x;—ik-x; *
L (et p(q — k)
§(q. k) = 2}: N'2S(g—kl) ()

where we have approximated the time evolution of ;\(k, t) as ;\(k, t) ~ A(k,t) [44,55]. By using the factorization
approximation for (£(q, t)é(q, 0)*), from Egs. (28), (39) and (41), one can thus write the nonlinear memory function Ag(q, t)
as

Ap(q,t) = Apn(q, t) + Apn(g, t) (46)
with the mechanical memory function
2
pv dk
Apn(q, t) = Tth @n ) u(q, k)’S(k)S(1q — k|)f(k, t)f (1q — kI, t), (47)

and the hydrodynamic memory function

2 dk
Apn(q, t) = %/ 2n) [w(g. k)? — x(q. k, £)*] S(K)S(Iq — kDS (k, t)f (Iq — kI, t), (48)
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where the friction term x(q, k, t) is given by
Dc(k, t)
Dy

Here f< denotes the sum over wave vectors k with |[k| < ¢.. The memory function A¢gy,(g, t) has the same form as
that originally obtained in molecular systems [44,55]. The memory function Ag;(g, t) is a new term resulted from the
hydrodynamic effects, which consists of the coupling between the current densities and also that between the energy
densities. In order to find the asymptotic form of ¢(k, t) on a time scale of order tp, we have used the same formulation as that
employed in the derivation of Eq. (4.2¢) for the average number density in Ref. [21] and then obtained e(k, t) ~ vfh,o(k, t)
from Eq. (3.49c) for the density fluctuation in Ref. [21]. Finally, we also note that the term which contains the short-time
function ¥ (k, t) is neglected in Eq. (48) because it reduces to zero on a time scale of tp.

x(q. k. t) = u(q. k) (49)

4. Ergodic to non-ergodic transition

The most important prediction of MCT [55] is an existence of ergodic to non-ergodic transition at a critical point A, such
as a critical volume fraction ¢, above which the long-time solution reduces to a non-zero value, the so-called Debye-Waller
factor f(q). This prediction has been also shown to hold for TMCT [44-47,56-58]. Taking the Laplace transform of Eq. (32),
one can obtain

. 0, for A < A,
=1 t)= 50
f@)= lim f(q, t) {exp[—K(q)], for & > i, (50)
with the long-time cumulant function
K(q) = lir%ZK[q,Z] = 1/7(q), (51)
z—
where the long-time limit of the memory function #(q) is given by
. zZAgplq,z]S
#q) = tim 22902 _ oy, (52)
z—0 qzvth
Here the mechanical memory term #;,(q) and the hydrodynamic memory term #,(q) are given by
P dk
Fm(q) = —— S (g, k)’S(q)S()S(1q — kDf(k)f (1q — k), (53)
2q° J. (27)
1 dk
i) = — / (g, k)S(@)S(k)S(1q — kDF(K)(Iq — ki), (54)
pg* J < (2m)
where the hydrodynamic vertex 2 is given by
2(q, k) = w(q, kY’ — x(q, k, 00)*. (55)
From Egs. (50) and (51), one obtains
f(q) = exp[—1/7(q)], or K(q)7(q)=1. (56)

This is an equation to find the Debye-Waller factor f(q) or the nonergodicity cumulant K(q). Since 7(q) contains the
nonlinear terms exp[—K (k) — K(|q — k|)], the function K(q) is considered to be a kind of the so-called Lambert W-function,
which ensures the existence of a critical point mathematically. We should mention here that the critical point A is just a
mathematical singular point but not the thermodynamic glass transition point A4, where A > A,. Here we note that Eq. (56)
has the same form as that obtained in the molecular systems, except that the memory function contains the hydrodynamic
term. If the hydrodynamic term is neglected, therefore, the critical point obtained in suspensions of hard spheres coincides
with that in the hard-sphere fluids. This has been already checked between the Brownian-dynamics simulations and the
molecular-dynamics simulations [29,30].

The second important prediction of MCT is that there exists a two-step relaxation process in a 8 stage. As demonstrated
in Refs. [45,56], one can directly apply exactly the same formulation as that employed by MCT to TMCT near A.. Near A,
therefore, one can write the «-relaxation time 7, and the g-relaxation time 74 as

Ty (1= A/A)77, (57)

Tp o (1 —A/Ac)77P, (58)
where y and yg are time exponents to be determined. In stage [H], we obtain

@*Di(q)t,  for A < A,

K. )= {K(q), for A > Ac.
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Since 7, oc 1/DL, one can also write DL(q) near A, as
Dh(q) o< (1 — A/Ac). (60)

From Eq. (35), the integral term of Ag(q, s) is thus expected to be a singular function proportional to z,. Here we note that
the self-diffusion coefficient D also obeys the same power law as that of Eq. (60), except that y is now replaced by ys.

If 7(q) is neglected, Eq. (56) is exactly the same equation as that in the molecular systems [44-47] and leads to a
mechanical critical point A(Cm). Depending on a sign of #(q), therefore, we may have the following three cases for the critical
point A.. The first is a case (i) where #(q) > 0. From Eq. (56), one thus finds that A, < A(Cm) since the mechanical interactions
are enhanced by the long-range hydrodynamic interactions. The second is a case (ii) where 7,(q) = 0. Then, one finds that
Ae = A(Cm). This suggests that the dynamics in the experiments can be described by the Brownian-dynamics (BD) simulations.
The last is a case (iii) where 7,(q) < 0. Then, one finds that A, > A(Cm) since the mechanical interactions are reduced by
the long-range hydrodynamic interactions. In the next section, we discuss whether those three cases are possible in the
experiments for suspensions of hard-sphere colloids or not.

5. Hydrodynamic interactions in suspensions of polydisperse hard spheres

In order to discuss how the hydrodynamic interactions between particles play an important role near the critical point, we
consider the suspension of hard spheres with size polydispersity o, where the control parameter A is given by the volume
fraction ¢ and the mechanical interactions are given by the direct interactions between colloids. We first mention that
because of the vertex u(q, k), it is not easy to find the critical volume fraction ¢.(o') by solving Eq. (56) even numerically. If
the asymptotic form of u is given, however, ¢.(o ) is easily calculated at o = 0 from Eq. (56) by using the Percus-Yevick (PY)
static structure factor [59] (see Table 1). We next discuss such an asymptotic form from a phenomenological point of view
and then show how one can qualitatively predict three cases discussed before.

5.1. Hydrodynamic singular point

In this subsection, we first discuss the hydrodynamic critical point ¢,(o), which is obtained from the many-body
correlation effects due to the long-range hydrodynamic interactions Gg(i # j). The theoretical calculation of ¢;(o ) has been
done only for monodisperse hard spheres, where o = 0. As shown in Refs. [20,21], the long-time self-diffusion coefficient
Dﬁ“’”((b) is calculated as

DS(¢)(1— 9¢/32)

DLUH) — , 61
@) 1+ D@ __¢/en(©) (61
Do [1-¢/¢p(0)12
where the hydrodynamic critical point ¢(0) is given by
4/3)3
én(0) 4/3) ~ 0.571847---. (62)

~ 7In(3)—8In(2) + 2

Here the factor 9¢/32 results from the coupling effects between the direct interactions and the short-range hydrodynamic
interactions. The coefficient D3(¢) is the short-time self-diffusion coefficient given by

S Do

D = — 63
5 (@) 1T H) (63)
where H(¢) is the term resulted from the short-time hydrodynamic interactions and is given by [20]
H(¢) = q- (&i/%) -4 -1, (64)
9¢ /4 11¢/16 (9¢/8)'2(11¢/16)(2 + 11¢/16)

T 1—(94/8)2 1+ 11¢/8  (1+ 11¢/16)(1 — (9¢/8)'/2 + 11¢/16)’ (65)
The first term of Eq. (65) comes from the long-range hydrodynamic interactions, the second term from the short-range
hydrodynamic interactions, and the third term from their couplings. Here we note that Dg(H) is in general different from the
long-time self-diffusion coefficient Dt because the singular point of the former is determined only by the hydrodynamic
interaction, while that of the latter by both the mechanical interaction and the hydrodynamic interaction. Similarly to
Eq. (61), the friction tensor ;(i # j) is also calculated for a self-diffusion in monodisperse hard spheres as

¢/91(0)
. ~ " - 1. 66
%(Cu)/io = 6/ (OF (66)

Here we note that the singular exponent and the singular point of Eq. (66) are the same as those of Eq. (61).
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In order to extend Eqs. (61) and (66) to polydisperse hard spheres, one may replace a by a + §a in those equations and
average them over the Gaussian distribution function P(8a) = exp[—(8a)?/(20%a?)]/((2)?ca) [1], where o is a scaled
standard deviation given by o = {(§a)?*)'/? /a and is assumed to be small. Up to lowest order in o, one can thus obtain

L(H) [1—¢/¢n(0)])? ]
D@) o Doy o) {87)

¢/¢Pn(o)
L) o~ —_— 1, 68
2 = O g 6,077 (%)

where ¢y(0) is given by

¢n(0) = (1 + 302 )¢n(0). (69)
Similarly to Eq. (43), one can also find the vertex u; for a self-diffusion as
u(q, k) = —@- Y (£;/0€™™) - k
i(#))
. ¢/¢n(o)
1= ¢/¢n(o))?

Thus, the vertex ug turns out to be a singular function with the hydrodynamic critical point ¢, (o).

G-k + 0(k*). (70)

5.2. Asymptotic form of hydrodynamic vertex §2(q, k)

Since the vertex u(q, k) contains the friction coefficient {(q, k) given by Eq. (45), it is not easy to obtain its singular
function analytically. Hence we only discuss its asymptotic form here. Based on the discussion in Section 5.1, we now assume
that the singular exponent of u(q, k) is the same as that of DX(q) given by Eq. (60). Since the singular point of u is the same
as that of u;, one may assume the asymptotic form of u as

h(o) i
[1—/Pn(o))
where h(o') is a function of o to be determined. Use of Egs. (49), (60) and (71) then leads to

u(q, k) >~ k, (71)

—h(o)[1’¢/¢c]yf1-lc for ¢ < ¢
x(q, k, c0; ¢) = 1=0/n ' - (72)
0, for ¢ > ¢..
At the critical point ¢ = ¢, therefore, we obtain
—h(o)q -k, for ¢ = ¢n,
k ; = 73
X(q7 ’ 007 ¢C) {O, fOl‘ ¢C ;ﬁ d)h‘ ( )

From Eq. (73), one can now explain the three cases discussed before consistently for hard-sphere colloids. We first mention
that the case x(q, k, oo; ¢.) = 0 for ¢. # ¢y does not exist because the memory function with vertex w(q, k) leads to a
unphysical critical volume fraction much lower than ¢,. When ¢. = ¢y, therefore, we find

2(q.k,0; ¢c) = [1—h(o)lw(g, k, o5 $c)*. (74)

Then, there exist three cases; (i) £2 > 0(orh < 1), (ii) 2 = 0 (or h = 1), and (iii) 2 < 0 (orh > 1). When ¢ = 0, h(0)
can be determined from Eqs. (56) and (74) by using the PY static structure factor under the condition ¢.(0) = ¢5(0). In fact,
one can find h(0) >~ 0.9934 at q.a = 14.5. Since h(0) < 1, 0 = 0 belongs to case (i). As o increases, therefore, h(o ) should
increase and satisfy h(og) = 1, where oy is a non-zero value to be determined. Depending on the value of o, we thus obtain
the following three cases:

(i) ¢clo) = du(o) < o™(0), for0 < o < oy,
(i) ¢c(o) = du(o) = (o), foro = oy, (75)
(i) ¢c(0) = pn(0) > ¢(0), foro > oy.

Since h < 11in cases (i) and (ii), the condition #(q) > 0 holds for all values of q. In case (iii), h(¢) should also be a function of
o to satisfy such a condition.

(o2

6. Critical volume fraction for polydisperse hard-sphere colloids

In this section, we investigate the critical point obtained from the simulations and the experiments on suspensions of
polydisperse hard-sphere colloids and also from the TMCT solutions for PY model. Then, we check whether there exist three
cases discussed above or not. We note here that although the crystallization occurs above the melting volume fraction for
o < 0.06, one can safely find the critical volume fraction itself by using the power laws.
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Table 1
¢c(0); (Exp.) experiments for hard spheres, (Sim.) simulations for hard spheres, and (TMCT) TMCT solution for PY model; (HO) without and (H) with
hydrodynamic interactions, where oy >~ 0.09545.

o (Exp.) ¢c(0) (TMCT)
(Sim.)
0.00 - 0.582 [28-30] (H0) 05817 [57]
(H) 0.5718 (i)

0.04 (1) 0.575 [4,5] - -

0.05 (1) 0.577 & 0.005 [6] - -

0.06 - 0.5845 [31] -

0.069 (1) 0.580[7,8] - -

0.07 - 0.5854[33] -

0.08 (1)0.583[9] - -

0.085 - 0.5865 [33] -

0o (ii) -

0.10 (iii) 0.590 = 0.005 [10] 0.5874 [35,36] -

0.15 - 0.5919 [32] -

0.23 - 0.598 [34] -

6.1. Critical point obtained from simulations

By using the power laws given by Eqs. (57) and (60), the critical point ¢.(o ) has been found from the simulation results not
only for the long-time self-diffusion coefficient Dﬁ ato = 0.0,0.06,0.15[28-32],0 = 0.07 and 0.085 [33],and o = 0.23[34]
but also for the «-relaxation time t, of the self-intermediate scattering function at o = 0.10 [35,36]. The critical points at
different polydispersities are listed in Table 1.

6.2. Critical point obtained from TMCT equation

In this subsection, we briefly refer to the critical point ¢.(0) obtained by solvin% Eq. (56) numerically at o = 0 under the
PY static structure factor. When #;,(q) = 0, the critical point has been found as qum (0) ~ 0.5817 [57], which coincides with
that of the simulations [28-30]. As discussed in Section 5.2, when #,(q) # 0, the critical point is found as ¢.(0) = ¢5(0) at

h(0) ~ 0.9934.
6.3. Critical point obtained from experiments

By using the power laws given by Eqgs. (57) and (60), the critical point ¢.(o) has been reported from the following five
different experiments for suspensions of hard-sphere colloids at different polydispersities. The first experiment has been
done by van Megen et al. [4,5] at 0 =~ 0.04, where the critical point has been found as ¢.(0.04) ~ 0.575. The second one
has been done by Phan et al. [6] at o >~ 0.05, where the critical point has been found as ¢.(0.05) >~ 0.577 £ 0.005 by using
the Krieger-Dougherty equation. The third one has been done by Pham et al. [7,8] at 0 >~ 0.069, where the critical point has
been found as ¢.(0.069) ~ 0.580. The fourth one has been done by Kasper et al. [9] at o 2~ 0.08, where the critical point has
been found as ¢.(0.08) >~ 0.583. All those experiments belong to case (i) since ¢.(0) >~ ¢n(o) < ¢£’")(cr). The last one has
been done by Brambilla, et al. [10] at o >~ 0.1, where the critical volume fraction has been found as ¢.(0.1) ~ 0.590+£ 0.005.
Since ¢.(0.1) =~ ¢,(0.1) > ¢£m)(0.1), this experiment belongs to case (iii). All the critical points are listed in Table 1. Finally,
we refer to a possibility of case (ii). The simulation results are approximately described by the simulation line given by

#™(0') = 0.57971 4 0.0797860, foro > 0.06. (76)

Hence the point of intersection of it with the hydrodynamic critical point ¢, (o) is found to be oy >~ 0.094866 at ¢(0g) =
0.58728. If the simulations and the experiments are done at o = oy, therefore, both results are expected to coincide with
each other.

6.4. Phase diagram

In Fig. 2, the schematic representation of the phase diagram in volume fraction-polydispersity plane is shown, where
the detailed values of ¢.(c) are listed in Table 1. We note here that the critical points of the experiments coincide with the
hydrodynamic critical points ¢p(o) given by Eq. (69) within error and are very sensitive to a polydispersity ¢. On the other
hand, those of the simulations obey Eq. (76) and are not so sensitive to o [33]. This difference cannot be explained without the
long-range hydrodynamic interactions since all the simulations for hard spheres are performed only under direct interactions
without them. Thus, the experimental results may support the asymptotic form of u(q, k) given by Eq. (71), which enables
us to predict three cases. Finally, we should mention that only in case (ii) the dynamical behavior in the experiments can
be exactly described by the Brownian-dynamics simulations if time in experiments and that in simulations are scaled by
1/¢?D3 and 1/¢*Dy, respectively.
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Fig. 2. (Color online) Phase diagram in volume fraction-polydispersity plane for polydisperse colloids. The symbols (O) indicate the critical points ¢ (o)
obtained from the experimental data for hard-sphere colloids, where the detailed values are listed in Table 1. The symbols (o) indicate the critical points
¢£m)(a) obtained from the simulation results for hard spheres, (¢) the critical point ¢£m)(0) obtained by TMCT for PY model without the hydrodynamic
interactions, and (4 ) the critical point ¢.(0) obtained by TMCT for PY model with the hydrodynamic interactions. The solid line indicates the hydrodynamic
critical point ¢p(o ) given by Eq. (69), the dashed line the melting line obtained by the Monte Carlo simulation for hard spheres [60], the dot-dashed line the
random close packing for hard spheres from Ref. [61], and the dotted lines among the critical points ¢§m)(a) for a guide to eyes. L indicates a liquid state, C
a crystal state, and G a glass state.

7. Summary

In this paper, we have derived the TMCT equation for the collective-intermediate scattering function f(q, t) in colloidal
suspensions by employing the same formulation as that used in molecular systems. Then, we have found the second-order
differential equation for the cumulant function K(q, t), where the nonlinear memory function contains the hydrodynamic
correlation effect in addition to the mechanical correlation effect. Thus, we have explored how the long-range hydrodynamic
interactions affect the critical volume fraction ¢.(o ) and predicted that there exist three cases for ¢.(c ), depending on the
value of o.

In order to check the existence of three cases, we have next investigated the critical volume fraction ¢.(o ) obtained from
the four different experiments for suspensions of hard-sphere colloids for 0.04 < ¢ < 0.10. Then, we have shown that all
of them coincide with the hydrodynamic critical volume fraction ¢,(o) within error, where three of them belong to cases
(i) and one of them to (iii) (see Fig. 2). By using the hydrodynamic critical line given by Eq. (69) and the critical line of the
simulations given by Eq. (76), we have also referred to a possibility of case (ii) where 7,(q) = 0. In fact, as an intersection
point of both lines, we have found oy >~ 0.094866 and ¢(0p) = 0.58728. Then, we have pointed out that if the Brownian-
dynamics simulations and the experiments are done at ¢ = oy, both results are expected to coincide with each other
since the hydrodynamic effects are canceled out. Thus, we emphasize that the long-range hydrodynamic interactions are
indispensable to explain the experimental results for suspensions of polydisperse hard-sphere colloids. In order to confirm
the theoretical prediction given by Eq. (75) from a unified point of view, however, one needs more experimental data for
different values of o. In fact, many data would be necessary to make an existence of three cases more clear because there
exists at least 3% error on the observed values of ¢ [18].

Finally, we mention that the same formulation as that discussed in this paper is applicable to the systems with the non-
direct interactions. However, it depends on the interactions whether the hydrodynamic interactions play an important role
or not. For example, the Coulomb interactions between highly charged colloids are known to lead to the critical volume
fraction ¢ much lower than ¢, [62,63]. In such systems, therefore, one can safely neglect the long-range hydrodynamic
interactions even in a supercooled state since ¢, = ¢£m) < ¢p. Otherwise, one needs to take into account the hydrodynamic
effects seriously. This will be discussed elsewhere.
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Appendix. Derivation of Eq. (8)

Starting from Eq. (4), one can then obtain
d

%pr(t) = M(X, P)pr(t) + Exp(t) (A1)

with the Fokker-Planck operator

N
D;
M(x,p):—; EI BTK, ZFU

Pi

N
2 [ 2
+ P+ kT ] (A2)
>3 s [ameiry

i=1

where the function Zyp(t) denotes the additive type Gaussian, Markov noise and satisfies

(Exp(t)) = <Exp(t)nx’ /(0)) =0, (A.3)
Noa 3 ) )
(Zxp(t) By (0)) = 2ksT(t Z”Z] i, "% aT,;‘“""‘ )3(p — P )pe(x, P). (A4)

Here p.(x, p)(= (I1x(0))) denotes the equilibrium distribution function, which satisfies M(x, p)p.(x, p) = 0. The formal
solution of Eq. (A.1) is given by

t
Mp(t) = e™ IT,(0) + / dse" =M 5, (s). (A.5)
0

Then, one can write an arbitrary function A4(X(t), P(t)) as

A(X(0). P(t)) = / dx / dpAy(x. P) Tup(2)

= / dx / dplITyp(0)e"*Ay(x, p)

t
+ [ dsagle - e amp (A6)
0

where A is the adjoint operator of the operator M given by

A%, p)3(x —x)3(p —p') = M(¥', p')3(x — ¥)3(p — p'). (A7)
Use of Egs. (A.2) and (A.7) then leads to Eq. (9). Hence one can write the correlation function (Aq(t)A4(0)*) as

(Aq(X(t), P(t))Aq(X(0), P(0))") = (Aq(x, P, 1)Aq(X, P)")p, (A.8)
where

Aq(x,p, t) = e Ag(x, p). (A.9)

Here the brackets (- - -), denote the average over the equilibrium distribution function p.(x, p). Since there is no difference
between (- - -) and (- - -),, therefore, in the following we just use the brackets (- - -) instead of (- - -),, for simplicity. The variable
Aq(x, p, t) now obeys a new Eq. (8).
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